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Introduction 



As well known, it was Kaluza and Klein idea for unification of gravitation and 
electromagnetism in a 5 dimensional theory of gravity [1] . Then, the idea was developed 
in the context of dual models and the string theory, consistently quantized only in 10 
and 26 space-time dimensions [2]. The significant attempt in the higher dimensional 
interpretation of internal symmetries was connected with a special kind of the compact 
space like the Calabi- Yau space. Hence, the ordinary 4-dimensional physics, completely 
defined by the massless modes, turns out to be described as a low energy approximation 
of a bigger theory. 

An important aspect of the problem consists an intimate relation between the 
dimensional reduction procedure and the nonlinear models. In fact, if the linear modes 
in the theory always trivially decouple, the dimensional reduction of nonlinear models, 
in general, is not trivial. Thus, the Yang-Mills theory in 4+N dimensions leads, via 
dimensional reduction, to a Yang-Mills -|- Higgs scalars coupled theory with specific 
couplings [3]. 

In this context we can imagine that the integrability of some nonlinear models can 
be related to the dimensional reduction procedure. This guess is indicated by a "folk 
theorem" that dimensional reduction from higher dimensions enlarges the symmetry G 
to its affine extension [4] [5] . Then, some infinite-dimensional symmetries, appearing as 
the hidden symmetries of integrable models, shall have a geometrical meaning. 

Moreover, by dimensional reduction, many 0-1-1 and 1-1-1 dimensional models were 
embedded to the self-dual Yang-Mills (SDYM) equations [6]. These equations are an 
integrable system admitting the linear representation, or the Lax pair [7]. By suitable 
reduction, the Lax pair associated with corresponding low dimensional model has ap- 
peared from the Lax pair for SDYM. Furthermore, one believes even that the self-dual 
Yang-Mills equations are a universal integrable system from which all the others could 
be obtained by proper reductions [6]. This programme, still being intensively studied, is 
closely connected with the twistor description and requires that there should be a linear 
system for equations of the zero-curvature type (the Lax pair). However, the origin of 
the linear system remains a terra incognita. As well, as the most mysterious part of the 
linear problem - the spectral parameter. A time independence of the spectral parameter 
usually is connected with an infinite number of integrals of motion, while the integrable 
dynamics is produced by the isospectral deformations. From the algebraic point of view, 
the presence of spectral parameter in the linear problem with Lie algebra Q, announces 
the appearance of enlarged, loop algebra structure Q x C[A, A~^], associated with hidden 
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non-Abelian symmetry of the model. 

Another important point is that the spectral parameter is present in the linear 
problem and absent in the related evolution equation. Since the last one arises from 
zero-curvature condition (ZCC) for the associated flat connections, it suggests a gauge- 
theoretical formulation of this phenomena. According to this observation wc expect the 
existence of non-Abelian gauge theory, which includes the spectral parameter as a gauge 
degree of freedom. Hence, the isospectral deformation defined by nonlinear evolution 
equation should appear as a gauge invariant condition. 

Thus, we are looking for non-Abelian gauge theory with symmetries not less than 
integrable one. That means the existence of an infinite number of integrals of motion 
and related hierarchy of different time evolutions. Usually, in the high energy physics, 
the unification procedure means an embedding to a larger symmetry group. Naturally, 
we can suppose that the unified model could be some type of the Conformal Field The- 
ory. In fact, some integrable models after proper limiting procedure show conformal 
properties (Faddeev's approach) [8] . In opposite way, a proper breaking of the confor- 
mal invariance leads to an integrable model (Zamolodchikov's approach) [9] . Thus, the 
existence of an infinite number of conservation laws is some relict of conformal symme- 
try. However, as we know, a different type of integrability property exists: C— and S 
integrability, Darboux integrability [10]. And some of them are very strict. Actually, the 
Liouville equation is conformal invariant, Darboiix integrable and C - integrable. But 
the affine Liouville [11] and the nonlinear a— model, being conformal invariant, seems 
as Darboux non-integrable [12]. Moreover, various integrable models also in three and 
four dimensions exist. 

Apparently most drastic possibilities for unification provide the Topological Field 
Theory (TFT) [13]. As well known [14], TFT admits a huge diffeomorphism symme- 
try, which realized by gauge transformations. Resulting reparametrization invariance 
of the model leads to the trivial dynamics, frozen in the reparametrization of gauge 
(unphysical) parameters. 

As it was shown, the dimensional reduction idea is very useful in the TFT [15]. 
Thus, the 3-dimensional gauge field theoretical formulation of TFT in the Chern-Simons 
(CS) form [16] can be dimensionally reduced from the 4 -dimensional TFT, which close 
relates to the self-dual Yang-Mills instantons and the Donaldson theory. Moreover, by 
dimensional reduction, the conformal field theory in 2- dimensions was obtained [17]. 
A general reduction of CS theory leads to 2-dimensional TFT, known as the BF theory 
[18]. Peculiar property of 2-dimensional BF theory is that equations of motion have a 
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zero-curvature form. Conformal field theory in the Liouville form and the Toda theory 
has been related also to BF theory [19]. Futhermore, the two linear gravities - based 
on the de Sitter group or a central extension of the Poincare group - were derived from 
3-dimensional TFT [20]. 

These results suggest that TFT could be a good candidate for the universal model, 
properly reducing of which conformal invariant and integrable systems can be obtained. 
The main problem arises how to break topological symmetries. If we start with 2- 
dimensional BF theory, obviously we can reduce field connections to the form, related 
to specific integrable model. But it means, that we need to put "by hand" the spectral 
parameter dependence of connections. Then, the gauge group for the BF theory should 
be some kind of the loop group. Hence, the loop structure of the problem suggests 
that we can try to do dimensional reduction of the model starting from 3-dimensional 
CS theory. The question now only is how constraint the model to have an integrable 
2-dimensional system. 

From another hand, for nonlinear a models some constraint equations naturally 
arise. The idea, inspired by the gauge relation between one dimensional integrable 
models, is to use variables from the tangent space to the nonlinear manifold [21]. By 
this approach, some evolution a— models like the Heisenberg Model (HM) and the 
Topological Magnet, are reformulated as the U(l) gauge invariant field theory [22-24]. 
A mapping of the model to 3-dimensional zero-curvature condition (or to the CS theory) 
implies that the field connection should satisfy to proper constraint. In contrast with 
time reparametrization invariance of CS theory, the reduced system evolves according 
to related a model. For integrable evolution [23] it means a breaking of continual, time 
reparametrization symmetry of TFT up to discrete time hierarchy of integrable models. 

In the present paper we show that 2-|-l dimensional HM, considered as a constraint 
for CS theory, provides by dimensional reduction not only integrable model, the Non- 
linear Schrodinger Equation (NLSE), but also the corresponding Lax pair. The spectral 
parameter appears automatically in a correct way and has the meaning of homogeneous 
(condensate) part for the statistical gauge field, related with the extra space dimension. 
Moreover, non-homogeneous structure of the field is related to the Backlund transfor- 
mations for NLSE. 

We speculate that situation could have the general meaning and is applicable to 
other integrable models. In fact, all what we need are constraints for CS theory, arising 
from nonlinear cr model. Then, after dimensional reduction, an integrable model and 
the related Lax pair with proper graded structure should appear automatically. Our 



4 



result suggests that while the Lax pair depends on additional spectral parameter, which 
is remnant of the three-dimensional theory, the reduced Nonlinear Evolution Equation is 
gauge invariant and independs of that parameter. Apparently this idea helps to clarify 
another well known "folk theorem": a standard way to construct integrable models in 
2+1 dimensions is to start with the Lax pair for a 1+1 dimensional integrable model, 
and then replace the spectral parameter by a differential operator in extra direction. For 
example, this gives the Lax pair for the Kadomtsev- Petviashvili (KP) equation from the 
linear system for the KdV equation. The theorem indicates to another interpretaion of 
the spectral parameter as the canonically conjugate (momentum) variable to the extra 
space coordinate. It seems that after quantization the relation between two ideas will 
be more transparent and 1+1 and 2+1 dimensional integrable models could be related 
to different (coordinate - momentum) representations of TFT. Worthe to note also on 
possibility to track connection between quantum exactly soluble TFT and integrable 
models in the spirit of [25] . 

Perhaps most ambitious programm is to obtain the Lax pair for the SDYM from 
TFT in higher then 4 dimensions. However, up to now only known TFT that can be 
defined in arbitrary dimensions is BF theory. 

In Sec. I, we present the general formalism of constructing the gauge invariant field 
theory, associated with the nonlinear a model. Sec.II describes the related formulation 
of the non-Abelian CS theory. In Sec. Ill, we illustrait the general formalism with two 
important examples. Dimensional reduction for 2+1 HM will be considered in Sect. IV. 
In Conclusion we discuss some physical ideas to explain our results. The one-dimensional 
analog of CS Gauss law we interpret in terms of solitons for integrable models. 

1. Adjoint Representation of ZCC 

In this section we present a general formalism connecting a zero curvature equations 
on Ai algebra {SU (2) or any non-compact version of it) in the adjoint representation 
with moving trihedral [26] . This formalism allows us formulate a nonlinear a model as 
the Abelian gauge field theory. 

Let us consider the group Ai with element g, generated by ri(* = 1, 2, 3) , satisfying 

TiTj = hij + iCijkTk, (1.1) 

where hij and Cijk are the Killing metric and structure constants of Ai. We define an 
orthonormal trihedral set of unit vectors n^ and e^ , and matrices Ni and Ei corre- 
spondingly, in the adjoint representation 

Ni = (ni,T) = nfrfc = /ife^nfr' = gTig-\ (1.2a) 
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Ei = (e^, r) = Tfc = /ifc/eV = g ^ng. (1.2b) 
Using (1.1), the orthonormality of the trihedral are expressed by relations 



NiNj = hij + icijkNk, (1.3a) 

EiEj = hij + icijkEk- (1.36) 

The Killing metric hij and structure constants Cijk — —Cjik defines the inner and cross 
products between three- vectors, transforming in the adjoint representation of Ai: 

(n,nj) = hij, (1.4a) 

Ui A TClj = Qjfcllfc, (1.46) 

(and the similar equations for vectors). Matrices Ni and Ei are connected by the 
similarity transformation 

Ni=g^Eig-\ (1.5) 
while related iij and vectors satisfy 

(uiyhjj = iej)%i, (1.6) 

(no summation). Due to this relation, in the present paper we restrict ourselves only 
with iij vectors. 

Let Ui = ni{x) are a smooth vector fields that define at each space coordinate 
X = {x^,x^,x^) of M , the three vectors (ni(a;), n2(a:), n3(a;)) forming an orthonormal 
basis called the moving frame. 

We can introduce the left- and right-invariant chiral currents 

= g-'d^g, (1.7a) 

J^ = d^gg-\ (1.76) 
(// = 1,2, 3). They are connected by simple transformation 

= g-'Jflg- (1-8) 

The trihedral moves according to equations 

d^Ni = [Jl:,Ni]^g[j;},Ti]g-\ (1.9a) 
d^Ei = g-^[Ti,Jl:]g=[Ei,J^], (1.96) 
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or in the three-dimensional representation 

d^Ni = {J^)ikNk, (1.10a) 

d^Ei = -{J^hkEk, (1.106) 
where {Jf^)ik and {Jfi[)ik are matrices in the adjoint representation 

{J^'%k = -icijk{j;^''')j = i{J^'%cjik, (1.11) 

and J^'^ = S("^/f '^)i(l/2)Tj . Related rotation of the moving frame is given by 
equations 

Matrices J^'^ have the symmetry property 

(jRM..h.. = -(jRM..h.. 

For SU{2) case hij = Sij , Cijk = eijk and the matrices (1.11) are anisymmetric. 
The zero-curvature conditions for chiral currents (1.7) have the form 

d^J^ - d,J^ + [J^, J^] = 0, (1.12a) 

- d^jf: - [J^ , Jt] = 0. (1.126) 

In the following discussion we concerned mainly on the matrix and skip the R - 
index. 

Let us decompose matrix to the diagonal and off diagonal parts 

J -j(0) , j(i) 

parametrized in the form 

4°) = i/Aa^V^, (1.13a) 

.('. = (» "t""). (1.136) 

where = +1 for SU{2) and k,^ = —1 for SU{1, l)case. Then, in the adjoint represen- 
tation we have 

-V^ 4/m(gp) | . (1.14) 

AReiq^) -AIm{q^) 




The moving frame rotates with x variation according to equations 



a^ni = -l/2V^n2 - 2(i?eg^)n3, (1.15a) 

d^n2 = l/2V^ni - 2(/mg^)n3, (1.156) 

d^ns = 2{Req^)ni + 2{Imq^)n2- (1.15c) 
If we denote C/^ = (i?e(g^), Im^q^j)), the system can be written in a more compact 

form 

d^xii = -l/2V^€ijnj - 2Ui^s, (1.16a) 

d^s = 2Ui^ni. (1.166) 
The vector s = ns satisfies the constraint 

{s{x),s{x)) = hs3, (1.17) 

where /igg = 1 for SU{2) and SU{1, 1), (and hss = -1 for SL{2, R)). It belongs to the 
two-dimensional sphere 5"^ or pseudosphcre S^'^ correspondingly. 
Fields Vf^ and are given by projections 

Vf, = -2(n2, a^ni), Re{q^) = -l/2(s, d^m), Im{q^) = -l/2(s, ^^na). (1.18) 

Two vector fields (ni(x), 02(2;)) at each x form a basis in the tangent space to cor- 
responding manifold for s{x). But vectors ni and n2 are not uniquely determined by 
eq.(1.4). 

If we choose other n'^^, 112 as a rotated basis 

n'l = cosani — sinQ;n2, 112 = cosQ!n2 -|- sinctni, (1-18) 
related fields and q'^ defined by (1.18) are the U{1) gauge transformed fields 

Vl, = V^ + 2d^a,q'^ = e"^q^ (1.19) 
Expression for field simplifies if we introduce a complex basis 

n+ = ni -I- m2, n_ = ni - m2, (1-20) 
satisfying to following relations 

(n+,n+) = 0=(n_,n_), (1.20a) 



(n+,n_) = 2, (1.206) 

n_|_ X s — m_|_, n_ x s = — m_, n_ x n_|_ = 2is. (1.20c) 

Then 

= l/2{d^s,n+),q^ = l/2(a^s,n_). (1.21) 
In terms of (1-20) the moving frame equations (1-16) become 

L»^n+ = -2?^s, (1.22a) 

d^s = qf,n_ + q^n+, (1.226) 

where = — i/2V^ is the covariant derivative. 

This form is exphcitly invariant under the local U{1) gauge transformations 

s^s,n+^e*'*n+,n_^e-*'*n_, (1.23) 

which are just the local rotations in the tangent to the vector s plane. 
As follows from eqs.(1.22) fields and q^ are subject to the system 

Df,qu = D^q^ , (1.24a) 

[D^, D,] = -2{q^q, - q^q^). (1.246) 

To describe a time evolution of three-dimensional physical system we need introduce 
the space-time M3 = T x M2 decomposition, where T is associate with the time variable 
^3 = t and M2 is a 2 - dimensional space manifold. In this case a time evolution of the 
moving frame 

Don+ = — 2q'oS, (1.25a) 

dos = gon- -|- gon+, (1.256) 

is completely an arbitrary due to arbitrarines of go- We recall that go as well as Vq 
are Lagrange multipliers of the CS TFT appearing in front of the CS Gauss law of the 
theory (see eq.(2.12)). Moreover, Eq. (1.256) shows that evolution of the spin vector s 
associated with CS TFT , being U{1) gauge invariant, remains completely an arbitrary. 
In this sense the TFT are related to the nonlinear a model with an arbitrary evolution 
(reparametrization invariance) or, what is the same, without any evolution, modulo 
C/(l) gauge transformations. 

Formally we can represent eq.(1.256) as the spin precession equation 



BqS = s X H 
9 



(1.26) 



in arbitrary U{1) gauge invariant magnetic field 



H = i(gon+ - qon_) (1.27) 

Nevertheless to above results a topological restriction on the possible spin config- 
urations exists. Indeed, we can imagine that the space M2 is compact. For example if 
we suppose that the value of the spin vector s at infinity is fixed s (0,0, 1). Then, 
all smooth configurations describing mapping of (xi, X2) into s{x), independently of the 
evolution, are classified by the integer valued degree of mapping of S^, or the 

topological charge: 

Q = f eijs{diS X djS)d^x = ( eijdiVjd^x. (1.28) 

In terms of our gauge fields, the topological charge density has the form 

eijs(diS X djs) = eijdiVj = B, (1.29) 

of the radial (along the s) oriented magnetic field B associated with the vector potential 
Vj. As well known, eq.(1.28) states that the winding number of mapping S'^ — > S'^ 
coincides with the winding number of the mapping of the circle at a;f + ^2 — > 00 
into the abelian gauge group manifold. It means that all U (1) gauge transformations 
(1.19) also fall into topological classes characterized by winding number (1.28). Just 
substituting (1.19) in to (1.28) we find that under Abelian gauge transformations 

Vj Vj + 2dja, (1.30) 

Q transforms as 

Q ^ Q -\- J eijdidjad^x. (1-31) 

For a smooth gauge transformation the second term vanishes and Q is invariant. 

More generally, if M2 is a compact Riemann surface of genus g , M2 = S^, the 
charge Q in (1.28) is the first Chern class ci , which is an integer [27]. 

However, if M2 admits some singular points, Q could be an arbitrary number. Let 
us consider a potential Vj with charge Q. We perform a singular at x = rotation (1.31) 
(ni, n2) with angle 

a(x) = iV6'(x), (1.32) 

where ^(x) = arctan(a;2/a;i). Then, using unconventional representation for the planar 
5-function [28] 

eijdidjO = (did2 - 8281)0 = 2TrS^{x), (1.33) 
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we find that 

AQ = N/2. (1.33) 

As evident, instead of integer we can use an arbitrary real number which gives us 
arbitrary Q. This singular gauge transformation is related with a point vortex creation 
at X = and is described by an anyon potential 



2Neij In I X I = -2iVey ^ . ( 1 . 34) 



In a more general situation, for n point vortices located at xi, . . . , x„, with related 
strength Np{p = 1, . . . , n), the vector potential 

V,^(x; xi, . . . , X,) = -2ey J] Np'-——^ = -2e,,a, J] iV^ In |x - Xp|, (1.35) 

p=i ' ^' p=i 

produces the vanishing almost everywhere magnetic field 

n 

S(x) = eijdiVj = 47r Np5^{x - Xp). (1.36) 
The corresponding charge changes as 

n 

AQ = l/2^iVp. (1.37) 
p=i 



2.Chern-Simons Gauge Theory reduction 

In previous section we introduced the chiral fields J^(1.7) satisfying to the zero 
curvature condition (1.12). The last one in term of components (1.13) is described by 
the system (1.24). For fields 1/^ and , subject to (1.24) , the moving frame can 
be reconstructed from eq.(1.16). Moreover, the current can be considered as non- 
Abelian pure gauge potential. Then the zero- curvature equations (1-12) are of the 
Lagrangian form for pure non-Abelian Chern-Simons functional. 

The Cern- Simons action is defined as follows 

S[J] = ^[ Tr{JAdJ+^JAJAJ), (2.1) 
47r Jm 3 

where M is an oriented three-dimensional manifold, J is a gauge connection with values 
in the Lie algebra G. Action (2.1) is manifestly independent from the space metric, so 
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it was interpreted by Witten as a general covariant theory, or topological field theory 
[!]• 

The classical equations of motion following from action (2.1) have the form 



F = dJ + JAJ = (2.2) 

of zero-curvature condition. 

To adopt the canonical approach to the problem, one considers a region of the 
three-manifold to be isomorphic to M3 = T x M2, where we interpret T as the time. 
Then, for the gauge field we have = (Jq, Jj), where Jq is the time component and 
the action (2.1) takes the form 

S{J) = -k/47T I I dte'^Tr{J~Jj - JoF^j), (2.3) 



where 



In the basis 



with 



Fij = diJj - djJi + [Jj, Jj\. (2.3a) 



Ta = ^T«,(a= 1,2,3), (2.4a) 
[Ta, n] = iCabcTc, (2.46) 



TT{Tan) = hab, (2.4c) 



2 

(see eq.(l.l)) we have the Poisson brackets for components = J2a^i{Jij,)aTa 



{ J«(x), J]{y)} = -e,,h'^'5\x - y). (2.5) 
Then, in terms of and fields 

{Vi{x), V^{y)} = -^e,,h3sS\x - y), (2.6) 

{Re{qi{x)), Re{qj{y))} = --eijhii5^{x - y), (2.7a) 

{Im{qi{x)),Im{qj{y))} = -^eijh225'^{x - y). (2.76) 

The last two relations have more appropriate form if we introduce new fields, (idea was 
inspired by the gauge relation between 1-1-1 dimensional NLSE and HM), 

V^± = -^(gi±ig2). (2.8) 
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They are directly related with the complex structure on the manifold M2 in terms of 



z = xi + ix2, z = xi — ix2- (2-9) 
The Poisson brackets for 'ip± fields are 

{^+{x),^+{y)} = ^{h^^ + h22)S\x-y), (2.10a) 

{V'_(a;), = -^(/^ii + h22)S\x - y) (2.106). 

As evident, new fields defined by (2.8) are convenient only for SU{2) and SU{1,1) 
cases. For SL{2, R) case brackets (2.10) are vanishing and more convenient to use other 
variables. We can rewrite the brackets in the compact form 

{V,{x), V,{y)} = -^e,j5\x - y), (2.11a) 

{i;+ix),i,+ {y)}=^KH\x-y), (2.116) 

{^|;_{x),^_{y)} = -^K'S\x-y), (2.11c) 

where k"^ = +1 for SU{2) and k"^ = -1 for SU{1, 1). 

The brackets (2.11) allow us interpret V^j as an Abelian CS field (the statistical 
field) and ipj^, iJj- as charged matter fields [22,24]. 

The action in terms of this fields on the plane have the form 

S = jdtj d^x{-^e''''^V^d.Vx+ 

1 

-^iqo{D_i^+ - D+i^.) + ^iq^iD^-il^^ - L'+V-)}, (2.12) 

where D± = Di ±. iD2 = d± — i/2V±,V± = Vi ± iV2. Firom (2.3) we recognize that 
the time components Vq and go of the gauge potential Jq are the Lagrange multipliers, 
arbitrariness of which guaranties the gauge invariance (covariance) of the topological 
action. 

Related constraints (2.3a) in components F = X^o^i ^aTa gen erate SU (2) or 
SU{1, 1) algebra 

{G'a(x), Gbiy)} = CabcGc{^)S\x - y), (2.13) 
13 



where rescaled constraints G°' = —{ik/87r)F°' have the form 

G+ = G,+ iG2 = -^{D_^+ - i^+V-), 

G_ = Gi +2^2 = -7^(5_v;+ - (2.14) 

^3 = ^[(^1^2 - d^V^) + STTdV^+l' - IV'-I')]. 
OTT 

The physical subspace of the TFT is defined by the constraint surface 

G± = 0,Go = 0, 

and any breaking of the topofogical symmetry relates with a deviation from this surface. 
Constraints (2.14) form a part of the Euler-Lagrange equations for the action (2.12): 

DQi^± = 77^^±9o, (2.15a) 

[D+,D_] = 87r«2(|V;+P - IV-T), (2.156) 

[Do, D±] = -4^K2^goV'± - '^±qo), (2.15c) 

D+V- = (2.15d) 
Solution of this equations defines the mooving frame according to 

Don+ = —2qos , (2.16a) 

dos = qoii- + qon+, (2.166) 

D±n+ = -4y^ip±s, (2.16c) 

d±s = 2v/7r(V'±n_ + '0^n+), (2.16cJ) 
where fields Vq, V± and go, 'ip± are given by relations 

Vq = -z(5on+, n_), V± = -z(5±n+, n_), (2.17a) 

qo = l/2(aoS,n+),V'± = ^(c>±s,n+). (2.176) 

We note that the system (2.15), as well as (2.16), is invariant under conformal 
transformations 

z'=f{z),z' = m 

v_ = f'vL,v+ = f'v;, 
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7A_ = /v^,V'+ = /v;.. 

At the end of this section we reproduce some useful formulas 



{d±s, d^s) = 167rV'±^^, (2.18) 

(5+s,5_s) = 87r(|V'+P + |V-n, (2.19) 
a+s X a_s = SmdV'+P - IV'-H- (2.20) 



3. Nonlinear a - Model. Examples 

In this section we describe some simple 2 - dimensional models in the formalism of 
Sec.l. The first model is conformal invariant, while the second one is just integrable. 
In both cases time evolution is defined by the Lagrange multipliers qo, Vq and has an 
arbitrary character. Imposing equations of motion for the model as constraints on the 
field variables we restrict the phase space of CS TFT. 

3.1.2+0 dimensional a model 

As a first simple example we consider euclidean nonlinear a model for the classical 
spin vector s 

d+d-s + (d+s, d-s)s = 0. (3.1) 

The model is conformal invariant. This fact guarantees that the conformal invariance 
of the CS TFT (2.12), supplied with eq.(3.1) wiU be preserved. 
Due to eqs.(2.16dc-d), (2.19) and relation 

d+d-s = 2V^[(D_V'+)n_ + {D_ij+)n+) - STrdV'+l^ + IV'- l^)s (3.2) 

the moving frame (2.16) and the field equations (2.15), consistent with eq.(3.1), should 
be supplied with additional constraints 

D-i;+ = L>+V^_ = 0. (3.3) 

The resulting system (2.15) decouples on the evolutionary part 

-DoV'i = ■7r^D±qo, (3.4a) 

[Do, L»±] = -AV^K\qoi^± - i^±qo), (3.46) 
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which contains an arbitrary Lagrange multiphers qo, Vq and the spatial part 

D_i/;+ = D+il;_ = 0, (3.5a) 

[D+,D_] = 87rK\\^+\'-\^_n (3.56) 

The last system (3.5) is completely equivalent to the a model (3.1) and have a remark- 
able property. Most interesting for TFT may be that eqs.(3.5), known as the Hitchin 
equations, can be formulated on arbitrary Riemann surface. 

The system (3.5) (in contrast to eqs.(3.4)) is invariant also under simple transfor- 
mation 

V±^V±, (3.6) 

where 7 = constant. This transformation for a model is known as the Pohlmeyer's R^'^^ 
- transformation [29]. It relates to a "hidden" symmetry of the model and generates an 
infinite set of non-local conservation laws. It seems not obvious as this symmetry acts 
in the CS TFT (2.12). 

If we attempt to describe the symmetry transformation (3.6) as the global ^7(1) 
gauge transformation (1.19), (1.23), we immediately obtain that one of the fields 0^, (,)_ 
should vanish. As a result, the system (3.5) reduces to the self- (anti) dual Chern-Simons 
equations [28]: 

D±ip^ = , (3.7a) 

[D+, D-] = iSTTK^^p, (3.76) 

related with the Liouville equation. The instantons (topological solitons) of the model 
(3.1) correspond to the Chern-Simons solitons of the model (3.7) [22], while the topo- 
logical charge (1.28) becomes of the electric charge form 

Q±=±y" \ip±fd'^x. 

Solutions other than solitons, when both ip^ and ip- 7^ 0, are described by the 
conformal Sinh-Gordon equation [22] (Toda hierarchy) reduced from(3.5). It is worth 
to note that both of the systems (3.5) and (3.7) is conformal and R invariant. However, 
only the self-dual system (3.7) admits the Pohlmeyer's symmetry (3.6), as a gauge 
symmetry. This fact intimately relates with the Darboux integrability of the Liouville, 
but not the Conformal Sinh-Gordon equation. Moreover, we expect that it is connected 
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also with special properties of the CS action, admitting difFeomorphism invariance as 
gauge invariance. 



3.2 (1+1) - Heisenberg model 

If in the previous case we considered the conformal invariant integrable model, now 
we like to break the conformal invariance, but preserve integrability. This is the well 
known classical continuous isotropic Heisenberg model, describing precession of the spin 
s according to the Landau-Lifshitz equation 

dos = s X djd^s, (3.8) 

where s belongs to the 2-dimensional sphere (or pseudosphere S^'^). 

In this section we examine only 1+1 dimensional case (2+ 1 dimensional model 
is considered in Sect. 4). We will treat here both coordinates as the space coordinates. 
Then the model 



ais = s X (3.9) 

is some kind of the 2-dimensional a model. 
Substituting 



dis = qin_ + gin+, (3.10a) 

a|s = Dan- + L»2n+ -4|52ps, (3.106) 
to eq.(3.9) we find the constraint between components 

qi = iD2q2, (3.11) 

where the covariant derivative D2 = 82 — f V2. Equation (3.11) allows us exclude qi 
field from equations. 

The moving frame equations (1.22) now read 

Din+ = -2iD2Q2S, (3.12a) 

D2n+ = -2?2S, (3.126) 

diS = iD292n_ - iD2q2n+, (3.12c) 

^28 = q2n_ + ^2n+, (3.12d) 
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while the field equations are 



iDiq2 + Dlq2 = 0, (3.13a) 

diV2 - d2Vi = -4:K^d2\q2\''. (3.136) 

In terms of redefined fields 

Ai = Vi + 4:K'^\q2\^,A2 = V2, (3.14) 

(3.13) becomes 

i{di - ^Ai)q2 + {d2 - ^-A2fq2 - 2«'|g2|'g2 = 0, (3.15a) 

diA2 - d2Ai = 0. (3.156) 

The second equation allows one exclude the potentials Ai and A2 by the U{1) 
gauge transformation. If Aj = 2djX we define new $ = qe^^, subject to the Nonlinear 
Schrodinger equation 

iai$ + a|$-2^t2|$|2$^0. (3.16) 

As well known, this equation is integrable and admits an infinite number of con- 
servation laws, interpreted as continuity equations in our case. 
The topological charge (1.28) appears now as 

Q = -K^^ j (fxd2\^\^ = y dxi{mXi,X2 = L+)|2 - mXi,X2 = L_)\^), 

where L± are the boundary values in the second space direction. The usual evolution 
form for NLSE, when xi = t,X2 = x gives the meaning of 

Q = — sdts X dxsdtdx = -k^- / dt\^{x,t)f 

as a 1 dimensional Wess-Zumino term. It turns out that well known soliton solutions on 
infinite space line (the plane for M2) and periodic solutions on the finite interval (the 
cylinder for M2) always have vanishing Q. Non- vanishing contribution should appear 
for the compact on {x,t) boundary condition (the Riemann surface for M2). 

Worth to note that integrability of models (3.9) and (3.16) is connected with the 
Lax pair representation or ZCC with an arbitrary spectral parameter. This loop algebra 
structure provides nonlocal conserved quantities generating non-Abelian algebra for the 
NLSE [30]. They arise as a hidden non-Abelian structure of the model (3.16). We 
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understand now the geometrical meaning of this structure, since the model phase space 
can be considered as the tangent plane to 2-dimensional manifold, being sphere for 
= 1 and pseudosphere for = — 1. Moreover, in the next section we show that the 
spectral parameter has origin from the extra space direction. 

4. Dimensional Reduction of 2+1 HM 

Prom the action (2.3) or (2.12) we conclude that evolution of the model is completely- 
defined by Lagrange multipliers. Usually, to fix gauge freedom one uses the Hamiltonian 
gauge, when 



Thus, all considered field configurations are static. In this case reparametrization in- 
variance of the theory corresponds to an arbitrary time dependence for parameters of 
the moduli space. But if we like study an integrable deformations of the topologi- 
cal symmetry we need consider more restricted gauge conditions, providing integrable 
dynamics. 

In the present section we like to choose a different gauge condition. Since evolu- 
tion equation for a models in tangent space reduces to constraints on the phase space 
variables we can choose this constraints as a new gauge conditions. Then, the resulting 
CS theory should have the corresponding time evolution [22-24] . 

We consider the HM (3.8) in 2+1 dimensions. 



with (s, s) = 1. 

From the mooving frame equations (1.22) we conclude that eq.(4.1) leads to the 
constraint on qq : 



qo = 0,Vo = 0. 



(4.1) 



aos = sx(a^ + a|)s. 



(4.1) 



qo = iDiqi + 



(4.2) 



This relation allows one exclude go from the system (1.22) and we have 



Don+ = -2i{Dkqk)s, 



(4.3a) 



Dkn+ = -2gfcS, 



(4.36) 



^os = i{Dkqk)n_ - i{Dkqk)n+, 



(4.3c) 
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dkS = qkn_ + qkn+, {k =1,2). (4.3d) 
Remaining field variables should satisfy to the system 

iDoqk + DkDiqi = 0, (4.4a) 

Dkqi = Diqk,{k,l = 1,2), (4.46) 

[Dk, Di] = -2K^{qkqi - quqi), (4.4c) 

[Dq, Dk] = 2iK\qkDiqi + qkDm). {4Ad) 
In terms of complex fields (2.8) 

^p± = ^{qi±iq2), (4.5) 

we have for the moving frame 

Don+ = -4zV7r(i:»_V'+)s + 4i7rK^(|V'+P + |V'-P)n+, (4.6a) 

D±n+ = -4^/^'^p±s, (4.66) 

^os = 2i^{{D_il;+)n_ - (L»_V5+)n+), (4.6c) 

d±s = 2 V^(V'±n_ + ip^n+) {4.6d) 

and for the field equations 

iDoip± + (Dl + Dl)iP± + STTK^il V± = 0, (4.7a) 

D_ip+ = D+ij_ (4.76) 

[D+,D_] = S7^K\\^!;+\^ - \^|;_\^), (4.7c) 

[Do,D±] = 8iTTK^{ij^D±ij^+i;±D^i;±) -4i7TK^d±{\ij+f + IV'-I^)- (4.7d) 

The covariant derivatives in the system (4.6) and (4.7) are defined as before (see 
eq.(2.12)): 

D± = d±- ^A±,Do = do- ^Ao, 
with 74-1- = V± , but redefined 

^o = Vb-87r^^2(|^^|2 + |^_|2)_ 

For the static field configurations, eq.(4.1) reduces to the a model (3.1), considered 
before. Now we are going to perform a dimensional reduction of the model to have an 
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integrable evolution system. Let M = T x R x S , where R is real line associated with 
the xi space coordinate and S is compactified on the circle second space coordinate X2- 
As usual, for zero modes we are looking for equations independent of X2, 

iDoij± + [Df + {^A2f]iJ± + 87r^tV±lV± ^ 0, (4.10a) 

{d, - ^^_)^+ = {d, - (4.106) 
aiA2 = -87rAv2(|V;+|2-|V'-|^), (4.10c) 
doA^ - d^Ao = STTK^^sdV'+P - IV'-P), (4.10d) 

-aidV^+l'-lV-l')]- (4.10e) 
If instead of the potential Aq we introduce 

Ao = Ao-^AlAi=Ai,A2 = A2, (4.11) 
equation (4.10d) becomes of the vanishing field strength form 

^0^1 - diAo = 0, (4.12d) 

and for the rest equations we have 

Wo'ip± + PiVi + STTK^lV'il^V'i = 0, (4.12a) 
(ai - '-A-)^P+ = (^1 - '-A+)^P-, (4.126) 

ai^2 = -87r«2(|V'+r-|V'-r), (4.12c) 
doA2 = -8inK^[{iP+Vi'ip+ - V^+Pi^A+) - {^p-V^^jJ_ - V'-^iV'-)- (4.12e) 

Comparing eqs.(4.12a) and (4.12d) with gauged NLSE (3.15a-b) we recognize complete 
equivalence. Using the same as before procedure, we can compensate the gauge poten- 
tials via U{1) rotation 

Ao = 2doX, Ai = 2di\ $± = V±e*^. (4.13) 

Thus, we find that both of the $+, $_ fields is satisfy to the NLSE 

zao$± + a^$± + 87rAv2|$±|^$± = 0, (4.14) 

and to the set of relations connecting A2 with fields 

21 



di^+-di^- = l/2A2{^+ + ^-), (4.15a) 
ai>l2 = -87rAv2(|$+|2 - |$_|2)^ (4.15J,) 

doA2 = -8mK^[(§+ai$+ - $+ai^+) - ($_ai$_ - $_ai$_)]. (4.15c) 
The system (4.15) allows one define the A2 field in explicit form 

A2 = e±^al - 167rK2|$+ -$_|2, (4.I6) 

where cto is the integration constant, t± = ±1. I can easily show that if both $_(_ and 
$_ are solutions of the NLSE (4.14), then the evolution for A2 (4.16) is satisfied to 
eq.(4.15c). 

But eq.(4.15a) with (4.16) are just the Backlund transformations for the NLSE 
(4.14). Thus, the surprising moment arising from (2+1) dimensional reduction is an 
interpretation of the Backlund transformation for NLSE in terms of the Abelian Chern- 
Simons gauge field, associated with the extra space coordinate X2- 

When = the A2 = €±ao = const. As we show immediately this constant 
have meaning of the spectral parameter. When 7^ that means a soliton creation, 
A2 is inhomogeneuos function measuring the departure of ^+ from 

To clarify the meaning of the homogeneous part ao we turn now to the chiral 
current (1.7a) 

J.-9-%9-ia,V,+ (^^^ -""l^^y (4.17) 
We can carry out the U{1) gauge transformation 

g^gei^''^ (4.18) 

As a result we have 
Using (4.7b) 
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we can rewrite it as 



J+ = -la,A2 + 2V^(^^^ ^l^-y (4.19a) 
Jo = ^siAl + 167r«2(|$+|2 + |$_|2)] + ) . (4.196) 



Now, let 



= = (4.20) 



then, from (4.16) 



A2 = e±Q;o = 4Ao. (4.21) 
As a result we have the well known Lax pair for NLSE 

J+^-Xoas+(^l "0'^), (4.22a) 

J ■ ro\2i 2|^|2i , Y K^(ai + 2Ao)^\ ^OOOM 

Jo = ia,[2\, + « 1^1 ] + ^ _ 2Ao)$ j " ^^'^^^^ 

The Lax pair for the 1+1 HM model (3.9) can be constructed from (4.22) by usual 
procedure of the gauge transformation, in terms of (1.2) trihedral A^3 [31,32]. 

It is clear now, that constant Aq has a meaning of the spectral parameter. Re- 
markable fact is that J_|_ consists of two parts: Ji part is independent of the spectral 
parameter and J2 is completely defined in terms of it. 

As known, in order to investigate the infrared properties of the theory, we can 
expand the gauge field A2 in a Fourier series and separate out the part which plays 
main role at long distances. This is the constant in space {xi) term 

2 

A2 ^ 4Ao(l + ^|$+ - $_|' + . . .). (4.23) 

Thus we can interpret the spectral parameter as a condensat value for the Chern- Simons 
gauge field A2 associated with the extra dimension. 

As we see, the Lax pair with the spectral parameter fiow , defining all the miracles 
of soliton mathematics, has a simple interpretation in terms of an extra space direction 
and CS TFT. 
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Conclusion 



In conclusion I like to emphasize some points. First, as shown above, the non- 
Abelian TFT (2.1) represented in the form (2.12) could be interpreted as the Abelian 
Chern-Simons gauge theory interacting with a doublet of matter fields [24]. Usually, 
the Abelian gauge field is called the "statistical field" since defines the anyonic statistics 
for matter fields. For more direct relation we need rescale the "matter" fields 

= 

to have normal canonical brackets (2.11). Then, the Chern-Simons Gauss law (2.15b) 
becomes 

^^V2-^,V^ = -^{\^+\'-\^-\'). 

K 

From this form we recognize that the coupling constant k for non-Abelian theory (2.1) 
coincides with the statistical parameter for fractional statistics. It means that in quan- 
tized (2.1) theory the mater fields could appear (after singular gauge transformation) 
as anyons [24]. 

The 1+1 dimensional reduction of the model (4.7) shows that two components 
^1 of the statistical gauge field can be removed by gauge transformation. But 
component A2 (4.16 ) related to the extra space coordinate has a deep physical meaning. 
Thus, for infrared properties of the Chern-Simons theory (2.12) only the constant in 
space vector potential 

Ai{x) = Xi{t) + ... 

depending only of time, is relevant. Corresponding Chern-Simons term in (2.12) 

-^XxX, 
167r 

has a simple physical interpretation. If we consider (Xi,X2) as coordinates of the 
charged particle in the plane, and switch on the magnetic field orthogonal to the plane, 
the Lorentz force will arise. It connects two directions Xi, X2 in such a way that energy 
from the first direction will fiow to the second one. In our case it means that due to 
the Chern-Simons structure in the topological action (2.12), our 1-|-1 dimensional gauge 
theory (4. 14), (4. 15) continue to feel an extra space coordinate. But all dependence of 
the extra space coordinate is hidden in the spectral parameter (4.21). Of course the 
gauge invariant nonlinear equations (4.14) are independent of X2 and Aq. 

Thus, the potential (4.16) generally includes two parts. Part with the spectral 
parameter is a constant, and has the meaning of the condensate for statistical gauge field. 
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While non-homogeneous part of A2 comes from the deviation between two solutions of 
the NLSE (4.14). We know that (4.15-16) is an elementary Backlund transformation for 
NLSE. If one of the fields is vanishing, it provides the one-soliton solution for the second 
one. Corresponding value of A2 we call the one-soliton gauge potential. This allows us 
to formulate a gauge invariance principle. The statistical gauge field is homogeneous, 
global defined field in the case (4.20). But when condition (4.20) is broken, that means a 
soliton is created, the gauge field A2 becomes a local function of coordinat xi. Hence, we 
observe that statistical gauge field is inseparable phenomena accompanying the soliton 
creation. It is a relict of the Chern-Simons Gauss law which states the creation of a 
magnetic fiiix by particle creation. In anyon physics we interpret the physical excitations 
as particles with attached magnetic flux. In this sense we can interpret our result in the 
next way. Even the one-dimensional solitons are excitations attached with statistical 
magnetic field. Indeed, if we put one of the fields , say $_ = 0, from eq.(4.15b) follows 
the one-dimensional (!) CS Gauss law 



For soliton with large amplitude 77 = IuiXq, we can write approximately 



This relation should be compared with 2-dimensional "pro-totype" (1.36). It shows 
explicitly that one soliton is always attached with "magnetic" field. The line integral 
(one-dimensional fiux) 



is time independent and well known first integral of NLSE. It has a simple interpretation 
of the rescaled soliton amplitude IuiXq and really is inseparable from soliton in any 
collisions. 
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